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Abstract 

Using the overlap formulation, we calculate the fermionic determinant on the 
lattice for chiral fermions with twisted boundary conditions in two dimensions. 
When the lattice spacing tends to zero we recover the results of the usual string- 
theory continuum calculations. 
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The construction of a viable lattice regularization for chiral gauge theories has been the 
subject of renewed interest and research, since the appearance of the overlap formalism Q. 
This is a new proposal which is based on an earlier idea of Kaplan || and seems to bypass 
the kinematical constraint stated by the Nielsen-Ninomiya theorem ||. This method 
defines the determinant of a chiral Dirac operator in 2d dimensions as an overlap between 
the Dirac vacuum states of two auxiliary Hamiltonians acting on Dirac fermions in 2d + 1 
dimensions. 

There are two issues that require verification if the overlap formulation is to be accepted 
as a procedure to regulate chiral gauge theories. Firstly, one must check in the continuum 
whether the overlap yields the right determinant for any chiral Dirac operator, reproducing 
their well-known distinctive properties: anomalies, zero-modes in non-trivial backgrounds, 
etc. In a Hamiltonian approach these continuum tests have been performed in 2 and 4 
dimensions in references @] and ||, respectively. The 4-dimensional continuum results 
have also been confirmed in a 5-dimensional approach in 0. Secondly, one has to show 
that the lattice version of the overlap does not suffer from any of the drawbacks that 
afflicted previous attempts to regulate fermions on the lattice. Analytic lattice calculations 
have been carried out only for slowly varying background gauge fields in the Schwinger 
Model in []7J and in non-Abelian gauge theories in 4 dimensions in [10]. There are also 
numerical calculations which confirm the overlap picture [1, 11]. In this letter we check 
the overlap for the particular situation of fermions with twisted boundary conditions on 
a discretized torus. This is a case for which the overlap can be analytically calculated, 
even on the lattice. Our results reinforce the conclusions of || where this problem was 
studied numerically. 

Recently, some other approaches to the problem of chiral fermions on the lattice have 



been proposed |T^, which will not be studied here. 

We review first the case of chiral fermions on a two-dimensional continuum torus T 2 , 
which is described in terms of two real coordinates a 1 , a 2 lying in the range < < 1, 
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and equiped with the constant Euclidean metric: 

ds 2 =| da 1 + rda 2 \ 2 = g^da* da v , Im r > . (1) 
The free chiral Dirac operator D on T 2 is then given by D = 7 a e^9 M — ^ 5 , where the 
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zweibeins are: ei = (1,0), = (— — , — ), and the Dirac matrices are chosen to be: 



7 = o"i, 7 = (T2, 7 = ^3 with cr a the usual Pauli matrices. 

The chiral fermionic field if)(<j) is subject to the twisted boundary conditions 

^(a 1 + l,a 2 ) = -e i4>1 ^(<x\<r 2 ) , ^( ( x 1 ,a 2 + l) = -e i<fe ^(a\a 2 ) (2) 

where <^i, 02 are real numbers, with values between and 2ir. The determinant of D, 
evaluated for fields satisfying (0) is equivalent to the one of fermions with antiperiodic 



boundary conditions in both directions, on the background of a constant-field = 

1 + 75 

2 

determinant, taken from 11, but adapted to our conventions, is: 



i.e., the determinant of D(A) = 7 a e^(c^ + iA^) — - — . The result for the normalized 



det£>(0) q 0(0, r) ' 1 J 

where 0(ck,t) = E^=l^ e^™ 2+i27rna , a = ^{rA x - A 2 ) and q = e 2niT . To calculate 



the determinant of D(A) on the lattice, we follow the general procedure outlined in JTG 
We define a two-component fermionic field \I/(n) with n = (n 1 ,?! 2 ) on an iV x Af square 
lattice: 1 < n 1 < N, 1 < n 2 < N . With the restriction < < 1, the lattice spacing is 
iV -1 . In this way we recover a torus of the proper size in the continuum limit (N — > oo). 
To define the overlap, two second-quantized Dirac Hamiltonians H±(A) are introduced: 

H±(A) = Y, — ^(rn)H ( ±\m-n)U(m,n)^(n) , (4) 

m,n 

where the link variables U(m,n) = exp[-^(m — n) • A], and H,±* are the respective, free, 
one-body Hamiltonians on the lattice. Their Fourier-space representations are: 

H<£\k) = 75 [ i-fe^C^ak) + B(ak) ± | A | ] , (5) 

where C^{p) = sin(p /1 ), a = jr, S is a function which satisfies the conditions: 

| p |<< 1 =>- -B(p) ~ T 2 , 
p^0,C» = ^ J B(p) 2 >A 2 , (6) 



in order to eliminate the doublers [fLOl , and A is a constant with the dimension of a mass. 



H± are diagonal in momentum space 



where: 



H ± (A) = ^¥(k)H ± (k\A)*(k), 

k 



n ± {k | a) = 7^(°)(fc + A) . 

2,71 



(7) 



(8) 



and kfj, takes half- integer values, which are summed in (7) over the range [— ~, —]. 

The normalized chiral determinant in the presence of the external field, is represented 
in the overlap formalism by: 

(9) 
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where | A±) denote the Dirac vacua for the Hamiltonians H±(A), respectively; and | ±) = 
| 0±). In terms of the expansion of \I/ in eigenspinors of the one-body Dirac Hamiltonians 

= -E \ b ±( k I A)u ± {k | A) + d ] ± {k | A)v ± {k | A)} e l2nk ' n , 



(10) 



(I) is given by 

det D(A) _ 
det D(0) ~ 
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where the dependence on the momentum and the value of the constant field has been 

explicitly indicated. By virtue of (^j), all the eigenspinors v±(k \ A), which are the 

negative-energy eigenvectors of 7i±(k \ A) in ([TT]) , can be obtained from the free ones: 

/ fCx{ak) - C 2 (ak) \ 

v+(k) 



[27 + (fc)]-> 



u_(fc) = [27_(fc)]~5 



y/>y + (k) + b(k)+\\\ 
{ ^/ 1+ (k) + b(k)+ \ X \ j 

( yj 1 _(k)-b(k)+ | A | \ 

rCi(ak) — C^a/c) 
K J>y_(k)-b(k)+\T\ j 



(12) 



where 



7±(*0 = \A^)± I A |) 2 + | C 2 (aA;) - rCi(afc) | 2 , 6(fc) = r 2 fl(afc) , A = r 2 A , (13) 
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The result is: 



det D(A) 


= TT f(k A) e i9{KA) 
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' Td(a(k + 
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- C 2 (a(k + £))- 




det D(0) 
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where 












f(k,A) = 


7+ (A; + ^)+7_(A; + 


£) + 2|A| 
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L 7+ (fc + ^)7-(A: + ^) 




1+ (k) + b(k)+\ 


A 1 


7_(fc) -&(*)+ | A | 


i 

2 


J+(k + £) + b(k + £ 
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(14) 



and the phase g{k, A) is equal to the argument of the complex number z: 

Z = Z + Z- 

z+ = h+(k) + b(k)+\X\] [ 1+ (k + ^-)+b(k + ^-)+\ X\] 

+ [rdK) -C 2 (ak)} [fC 1 (a(k + —))-C 2 (a(k+—) 
z = [^(k)-b(k)+\X\] h-(k + ^)-Kk + ^)+\X\] 



(15) 



+ [rCx{ak)-C 2 {ak)\ [fC 1 {a{k + 



2n' 



C 2 {a{k 



A_, 
2tt' 



(16) 



We shall consider the effective action V 

T(A) = - log 



detD(A) 



detD(O) 

in the continuum limit, which in our conventions (i.e., a 



(17) 



2ttn 



v , is tantamount to taking 
N — > oo. In taking this limit, an expansion will be used to get the analytic result for T, 
depending on the values of the momenta k^ involved in the infinite product (TT4]). The 
contribution coming from the low-momenta, denoted for reasons that will become 
clear below, is obtained by assuming ak^ « 1 (note that the maximum possible value 
for this number is n). As N is large, and ^- < 1, a-^- is also very small. However, we 
do not consider k » A. m. the present expansion (that case will be discussed later on). 
Under the above-mentioned conditions, the functions C„ can be expanded near zero: 



A A 
C^a (k + — ) ) ~ a (k + —) fM , C^ak) ~ ak^ , 

Z7T ' 271 



18) 



but the periodicity of on the momentum torus implies that there are other points 
in momentum space (the doublers) giving contributions of the same order. This is the 



manifestation of the doubling problem in this simple context. The unwanted contributions 
are eliminated by a careful choice of B and A. We first note that for the normal zero of 



Op, the functions / and g play no role (i.e., / — ► 1 and g — ► 0), if we require |10 



A 2 » a 2 k 2 , A 2 » B 2 , (19) 



for momenta near this zero, since ([H5]) implies that 7± ~ | A | . Thus for the normal zero 
the only contribution to T^oi will come from (the expansion near zero of) the term in 
square brackets in (|14[) . 



When the momenta approach one of the doublers, we get instead: 

7 ± ~l&± I A|| (20) 



and then assuming B 2 >> A 2 for these momenta, one sees that all but one factor in 
f(k, A) tend to one, the relevant contribution being given by: 
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(k + £))-C 2 (a(k + £))\ 



(21) 



whereas regarding the phase g(k, A), z + becomes real in the limit, and z_ yields a non-zero 
contribution 

/ A A 

g(k,A) ~ argz_ ~ arg [[rC^ak) -C 2 (ak)\ [fCi(a(k + — )) -C 2 (a(k+— )] 

= axg[rCi(oA;) - C 2 (ak)} - axg[rCi(a (k + ^) ) - C 2 (a (k + A) )] . ( 2 2) 
Putting together (^l|) and (0), we realize that they exactly cancel the corresponding 



contribution of the doubler coming from the factor in square brackets in (14). So we have 
seen that it is only necessary to expand near the trivial zero on C M , and the corresponding 
expression for T ho i becomes: 

T hol (A) = - lim E ^ r \" \ + a , (23) 

where the summation over k now ranges over half-integers from — oo to +oo for both 
components. This expression (1231) is already explicitly holomorphic in the variable a, 
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since it only depends on the gauge fields in that particular combination. We calculate it 
from (|23|) by rewriting the logarithm as 

rki - k 2 + a rrfei+a dt r Tkl dt . . 

lo § — i — i — = / 7 — r ~ / 7 — T ' 24 

TK\ — k 2 Jo t — k 2 Jo t — k 2 

then the summation over k 2 can be performed exactly, yielding 

^7r(rA:i+a) 

fel 



T hol (A) = +E / dtternt 

fc , •/Trrfci 

cos(7r(rfci + a)) 



fci 



(25) 



cos(7rrA;i) 

After writing the cosines in terms of exponentials, one can cancel factors in numerator and 
denominator and then use the infinite-product representations of ^-functions, to obtain: 

T hol (A) = - log (26) 
^(0,r) 

It is worth mentioning the role played by the lattice in the definition on a precise procedure 
to handle the series over k% and k 2 , since the fact that one takes the symmetric limit for the 
sum over k 2 allows one to pair together terms with positive and negative values of k 2 , which 
renders the series convergent. Note also that, had the doublers not been suppressed, we 
would have had to expand also near the extra zeroes introducing the unwanted chiralities. 
The behaviour of Thoi under the discrete group of large gauge transformations: — > 
+ 27rn M where n M are integers, or equivalently: a — » a + rni — n 2 , is simply obtained 
from the well-known properties of ^-functions, yielding: 



hoi 



Fhoi + i {nrnl + 2-rmxa) . (27) 



This transformation law for I\ ; spoils the gauge invariance of T, not only in its imaginary 
part (which must change because of the anomaly), but also of the real part. However, 
in Equation (14) one can check that the real part of the regularized (finite N) effective 
action is indeed gauge invariant. The breaking of gauge invariance of the real part is 
a consequence of the approximation used in deriving (p6|) which fails to take into ac- 
count the high-momentum modes, for which the expansion used for the functions C M 
breaks down. The effect of high momentum modes is the introduction of a counterterm 



quadratic in A^, as power-counting shows. This holomorphic anomaly exists also in the 
continuum calculations where the formal chiral determinant is explicitly holomorphic, 
but a non-holomorphic piece is introduced through the regularization. This contribution 
is regularization-dependent, so its actual value can be modified by the addition of (fi- 
nite) quadratic counterterms. The arbitrariness involved in deriving the non-holomorphic 
piece, can for example be seen in that the separation between the low and large momentum 
regimes is not a clear-cut one. 

The real part of this quadratic counterterm is however completely fixed in our case 
by requiring its variation to cancel the real part of (27), since the regularization (14) 
preserves gauge-invariance of the modulus of the chiral determinant. The imaginary part 
of this quadratic counterterm is fixed, to compare with ||, by adding to it the appropriate 
global phase factor, obtaining 

T„(A) = +— A X A 2 - —A\. (28) 

Z7T 47T 

We have verified that the continuum overlap reproduces the real part of (|28|) exactly. 

The full effective action T, given by the sum of the holomorphic and anomalous parts 
should then read as 

T(A) = r hol (A) + T anom {A) = - log ^4 + ^A 2 ~ J~ A " > ( 29 ) 

which agrees with the result of || exactly. The numerical results of [§] are compatible 
with the exact result of [f|, and hence with ours. 

The variation of T anom under the large gauge transformations is 

^anom ~> ^ anom - %{^m\ + 2l\n x (X - A x n 2 ) , (30) 

hence the variation of T is simply: 

r -> r + iA x n 2 , (31) 
i.e., linear in the fields and the group parameters. 
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